This article deals with the accuracy issues for a numerical scheme applied to coupled dynamic problems of electroelasticity. The computational results are discussed with examples for thin nite-dimension piezoceramic solids poled radially and circularly.
1 Introduction.
In many applications, advanced structure design with integrated self-monitoring and control capabilities has become increasingly important. Due to the coupling phenomenon between electric and elastic elds, piezoelectric materials are widely used in such design as sensors, actuators, and transducers 17, 5] . As a rapidly developing area of such utilisation we mention the integral incorporation of mechanical actuation and sensing microstructures into electronic chips 1, 4] . Microelectromechanical structures and piezoelectric semiconductors have features that may not be attained by purely electronic means. These new horizons of piezoelectric applications together with their traditional areas of application have stimulated a greater interest in rigorous mathematical approaches for the investigation of coupling phenomenon in piezoelectric materials.
This paper contributes to the subject of mathematical modelling of piezoelectric structures and deals with dynamic rather than steady-state problems for which coupling between electric and elastic elds may be substantial. We investigate a numerical procedure for the solution of such problems applied to thin nite-dimensional structures. In particular, we present computational results for thin hollow piezoceramic structures. These structures have become an important element of design in many technical devices and have potential for future applications 7, 10] . They may also be used as a basis for further investigation of piezoelectric e ect in bones 8].
The trend towards miniaturisation of piezoelectric sensors and actuators leads to the situation when standard approaches based on thickness averaging (for mechanical components of electroelastic elds) and the use of Kircho -type hypotheses may not be appropriate. Under such circumstances the development of e ective numerical methods becomes important in the investigation of statics and dynamics of coupled electroelastic elds 3, 12, 13, 14, 15, 16, 18, 19, 20, 26] . For those applications that require smaller size and improved resolution of devices (for example, in biomedical imaging, nondestructive evaluation etc), thin structures produced from hollow spheres or cylinders may be good candidates to satisfy size and performance requirements 7] .
The paper is organized as follows. Mechanical and mathematical notation is introduced in Section 2. Section 3 and 4 provide the reader with the mathematical model and the numerical scheme for coupled problems of dynamic electroelasticity in the two-dimensional case;
In Section 5 and 6 we give the rigorous mathematical justi cation of the numerical method. Accuracy estimates are also derived in these sections.
Section 7 describes the results of computational experiments conducted for nite-length piezoceramic cylinders poled radially and circularly.
Conclusions are given in Section 8.
Notation
The following notations are used throughout this paper Mechanical notation: u r and u z are components of the displacement vector; f i ; i = 1; 2 are components of the vector of mass forces; f 3 is the volume charge function; is the density of the piezoceramic material; E r and E z are vector components of the stress of electric eld; D r and D z are vector components of electric induction; c kl tensor components of elastic quantities; e ij tensor components of electro-elastic quantities; c kl tensor components of electric quantities; Mathematical notation: Q T = G I is the space-time region of interest with G = f(r; z) : R 0 r R 1 ; Z 0 z Z 1 g (see Figure 1 ) and I = ft : 0 t T g; 1 = f(r; z) : R 0 < r < R 1 ; z = Z 0 g; 2 = f(r; z) : R 0 < r < R 1 ; z = Z 1 g; 3 = f(r; z) : r = R 0 ; Z 0 < z < Z 1 g; 4 = f(r; z) : r = R 1 ; Z 0 < z < Z 1 g; are boundaries of the spatial region G; 2 13 = fr = R 0 ; z = Z 0 g; 23 = fr = R 0 ; z = Z 1 g; 24 = fr = R 1 ; z = Z 1 g; 14 ; where E(t) is the total inner energy of the electro-mechanical system at time t, and is de ned by the relationships where functions y; g and are fully-discrete functions that give approximations to u r (r; z; t); u z (r; z; t) and '(r; z; t) respectively. The explicit form of the operators i and the right hand sides from (4.1) are given in the Appendix. ? (u 
The Improvement of Approximations at Corner Points
Compared to the one-dimensional case 20], Theorem 5.1 gives us a weaker result due to the loss of half-order in the convergence speed. We note that the decrease in the order of spatial approximations is caused by the approximations of the mechanical boundary conditions in corner points. Similar di culties arise even in the classical elasticity theory when, for example, on the one side of a rectangular plate we are given stresses, whereas on the adjoint side we are given one component of stress and one component of displacement. An e ective technique for the improvement of approximations at the corner points for mechanical boundary conditions in coupled problems of electroelasticity was proposed in 19] . It can be shown (for example, by using the Taylor's formula with the remainder in the integral form) that for the solution (u r ; u z ; ') from (W Then taking into account the conditions (3.11, (3.12) we set 
Computational Experiments
In this section we consider results for modelling piezoceramic solids under nonstationary conditions. As in 20], the main emphasis is the dynamics of radial displacements on the external surface of cylinders.
The equations (3.1), (3.2) where a is the parameter that characterises the ratio of the cylinder thickness to its length (see Figure 1 ).
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The Maxwell equation ( Results obtained with the two-dimensional model for cylinders with small values of a (typically for a = 0:001) practically coincide with the results obtained earlier for in nite-length cylinders with the one-dimensional model 20]. Therefore, in such situations the use of two-dimensional models is unnecessary and it is reasonable to con ne themselves to the one-dimensional model.
For nite-length cylinders the situation is di erent. The analysis of radial displacements in time on the external surface show that with the decrease in cylinder thickness the amplitude of oscillations increases for both types of cylinders, poled radially and circularly (see Figure 2) . However, the increase in amplitude for cylinders poled radially takes place much quicker. For small-thickness cylinders the amplitude of oscillations attains considerable values, many times greater than for cylinders poled circularly. This fact is a consequence of the strong coupling of elastic and electric elds in the case of radial polarisation compared to a weak coupling for cylinders poled circularly. Therefore in general, for modelling nite-length piezoceramic cylinders it is essential to use twodimensional models for cylinders poled both radially and circularly. We also note that compared to circular-poled cylinders, the error obtained with the one-dimensional model for cylinders poled radially could be considerably greater. Figures 2 and 3 show the evolution of the radial displacements for nite-length cylinders with radial preliminary polarisation. On Figure 4 , 5 we present the same characteristics for cylinders poled circularly.
In the design of various technical devices based on hollow piezoceramic cylinders, radiating properties of the external surface may essentially in uence the overall device performance. If the radiation from the external surface of thin hollow piezoceramic cylinders has to be increased then such cylinders have to poled radially. In contrast, for thick hollow piezoceramic cylinders circular preliminary polarisation will lead to an increase in the degree of radiation from the external surface. 
Conclusions and Future directions.
The question of accuracy is one of the most important issues in the theory and practice of approximate methods. In this paper we proved the accuracy theorems for an e ective numerical method designed for the solution of a quite general class of coupled problems in dynamic theory of electroelasticity. Using numerical examples we demonstrated that taking into account the coupling of elastic and electric elds, as well as anisotropy of physical properties of piezoelectric materials may essentially in uence the quality of description of wave phenomena in piezoelectric solids.
An important direction in the future development of e ective numerical procedures in coupled electroelasticity is connected with a wider application of piezocomposite materials. With piezoelectric material alone it is often di cult to simultaneously satisfy such requirements as broad operation frequency bandwidth, media adjustable acoustic impedance, and a high electromechanical coupling 9]. In such situations the use of piezoceramic-polymer composites may be advantageous. Models in this eld should often incorporate such important e ects as non-local memory e ects, aging, interaction of coupled electroelastic elds with magnetic and thermal elds. This requires taking into account dissipations that may have di erent origins. The technique based on the Bloch expansion (see 25] and references therein) may prove to be useful in such situations.
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